We show that cluster formation in interacting oscillators can be characterized using phase models that are developed from direct experiments with a single oscillator. One-and twocluster states are analyzed in the phase model; the description is verified in independent experiments in sets of chemical oscillators. The experiment-based model properly describes the occurrence of one-and two-clusters; in addition, it is shown that the most stable twocluster state exists with a balanced configuration.
The characterization of synchronization of oscillators, of importance in various physical, 1) chemical, 2), 3) and biological 4) systems, can be a difficult and challenging task. An efficient approach is the use of a phase model developed by Kuramoto, 2), 4) in which each oscillator is represented by a single variable, its phase. A central element of such models is an interaction function that characterizes the extent of phase advance or delay as a result of interaction between two oscillators. 2), 5) Theoretical studies and numerical simulations have shown that phase models can capture the important synchronization properties (e.g., emergence of coherence and clustering) of populations with weak interactions. 2), 4), 6)- 13) Populations described by phase models that contain higher harmonics in the interaction functions are known to exhibit clustering behavior; in a cluster the dynamics of the oscillators are identical and the clusters are typically separated by a constant phase offset. 8), 9), 14) Clustering has been confirmed to occur in many experimental systems; it can occur in electrochemical 15) as well as in reaction-diffusion systems with global interactions (or feedback). 16), 17) An important property of the clusters is their configuration, i.e., the number of elements in each cluster. For example, with two clusters a population of N oscillators can split into sets of pN and (1 − p)N elements (with a phase difference ∆Φ). Okuda has shown that in globally coupled identical oscillators if an unbalanced cluster (p <> 0.5) is stable, the corresponding balanced cluster (p = 0.5) will also be stable, provided that the interaction function contains only odd components. 9) It has been proposed that interaction functions can be derived from phase response curves obtained from experiments. 18)-20) Phase models have been constructed from experiments on electrochemical oscillators and the utility and accuracy of the approach were confirmed through comparisons of model predictions with independent experiments on sets and populations of oscillators. 20) Predictions on in-and antiphase synchronization of two oscillators with positive (excitatory) and negative (inhibitory) coupling and on the occurrence of balanced cluster states in populations were shown to agree with results of independent experiments.
In this paper, we extend the demonstration of the power of phase models, obtained solely from direct experiments on a single oscillator, by predicting the properties of unbalanced cluster states obtained in a globally coupled population of chemical oscillators, the electrodissolution of nickel in sulfuric acid. We use phase models to investigate cluster properties (number of clusters and their configurations) while experimental conditions are varied to change the character of oscillators from smooth through mildly and moderately relaxational to strongly relaxational. In particular, we check whether Okuda's finding on the prime stability of balanced phase clusters over unbalanced clusters holds in laboratory experiments with complicated interaction functions with strong even character and with heterogeneities.
The experiments were carried out in a standard three electrode electrochemical cell containing 3 mol/dm 3 sulfuric acid at 11 o C with a 1 mm diameter Ni working, a Hg/Hg 2 SO 4 /K 2 SO 4 reference, and a Pt counter electrode. 15) The Ni electrode, connected to the potentiostat through a series resistor R = 652 Ω, was held at constant circuit potential V . Current i(t), was measured at 250 Hz; electrode potential is obtained from the current: e(t) = V − i(t)R. Further details on the experiments are given elsewhere. 20) Consider first a single oscillator. Two major characteristic waveforms of periodic oscillations are the smooth and relaxation types. In nickel electrodissolution both types can be seen. 15) At low circuit potentials the waveform is smooth (nearly sinusoidal with constant angular velocity) whereas at large potentials the oscillations have a relaxation character in which a fast linear deactivation is followed by a (initially slow) nearly exponential increase. The circuit potential thus can be used to tune the relaxation character of the oscillations in this chemical reaction system.
We obtain an experimental interaction function from the response function for use in the phase model description:
where φ i and ω i are the phase and frequency respectively of the ith oscillator and H(∆φ) is the interaction function that depends on the phase difference ∆φ = φ j − φ i between two oscillators. The interaction function is obtained from the experimentally determined response function Z(φ) 2), 7) and the waveform of the variable through which the oscillators are coupled, here the electrode potential
where e j (φ) and e i (φ) are the waveforms of oscillators i and j (here they are assumed to be identical), and K = 1 is the interaction strength of linear difference coupling. Fig. 1(a) implies a stable one-cluster state for the smooth oscillator.
A two-cluster state with a constant phase difference ∆Φ has Np and N (1 − p) elements in the clusters: 8)
with 0 < p < 1. Figure 1(c) shows the cluster configurations p as a function of ∆Φ; for this smooth oscillator each cluster configuration p corresponds to a specific unique phase difference. The two-cluster state has four distinct eigenvalues: 8) λ 0 = 0,
with multiplicities 1, Np − 1, N (1 − p) − 1, and 1, respectively. λ 0 corresponds to the invariance of the phase model with respect to constant phase shift, λ 1 and λ 2 are associated with stabilities to intracluster fluctuations, and λ 3 indicates the stability of intercluster motion. The real values of these eigenvalues for the smooth oscillator are shown in Fig. 1(d) : none of the two-cluster configurations is stable. A similar analysis was carried out at larger circuit potentials where the shape of the oscillation becomes more relaxational. The interaction function for a mildly relaxational oscillator is shown in Figs. 2(a) and (b) : the dominant part of the function is still sin ∆φ and [1 − cos ∆φ], however, higher harmonics are noticeable. Similar to the smooth oscillator, the cluster-one solution is still stable, and none of the cluster-two solutions is stable.
Moderately relaxational oscillators (see Fig. 3 ) are characterized by the coexistence of stable cluster-one and stable cluster-two states. The interaction function now has strong higher harmonics, and the cluster configuration exhibits three possible states (with different values of ∆Φ) at p = 0.5. Two of these states are unstable, and the one at ∆Φ = π is stable. These two effects are better seen at a somewhat 20) ). The range for multiple cluster configurations for a fixed p is now very small and the stable configurations cover a smaller range in ∆Φ. Note, however, that even in this case, the most stable cluster configurations are those with ∆Φ ∼ = π and p ∼ = 0.5.
The analyses of cluster-two configurations and their stabilities are summarized in Fig. 6 ; the configuration and the stabilities are shown in the circuit potential (larger potential implies stronger relaxational character) vs phase difference plane. The cluster configurations p around the balanced value of 0.5 cover a large area. For strongly relaxational oscillators states having two clusters and small ∆Φ are also possible. The stability diagram shows that clusters around ∆Φ = π are stable; these clusters have nearly balanced configurations.
In summary, phase models obtained from direct experiments predict a onecluster state for a population of globally-coupled smooth oscillators; they predict quite balanced two-cluster states for a population of relaxation oscillators. The population behavior has been extensively studied in independent experiments with sixty-four electrochemical oscillators; it has been shown that smooth oscillators synchronize in a single cluster and relaxation oscillators in a two-cluster state. The method demonstrated here has application to various fields. In neural systems experiment-based phase models could help determine the importance of intrinsic cell properties on synchronization leading to essential or pathological rhythmic behavior. 18), 21)-23)
